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Abstract
There exists the famous ‘1
2
vs. 3
2
puzzle’ in the particle physics for more than ten years, which states
that the theoretical calculations predict a significantly smaller rate for the semileptonic decay of
B to D′1(Jl =
1
2
) compared with that to the D1(Jl =
3
2
), which is not consistent with the current
experimental data. In this work, a simple scheme is proposed to fix this problem. Within the
framework of this tentative scheme, D
(′)
1 are not taken as the directly weak-decay participants but
the mixtures of the latter. This scheme hints us to review all the weak decays involved the unnatural
heavy-light mesons.
I. Introduction
In the heavy quark limit, the JP = 1+ heavy-light mesons, such as B1, Bs1, D1 and Ds1, consist
of a doublet, one with the light quark total angular momentum Jl =
1
2
, and the other Jl =
3
2
. Since
the |Jl = 32〉 state mainly decays through a D-wave barrier and hence has a narrow width, while the|Jl = 12〉 state usually decays by a S-wave way and are much broader. Notice both the Ds1(2460)
and Ds1(2536) are narrow and seem contradictory with this analysis. However, this may be caused
by the low mass of Ds1(2460) and hence the main decay channels D
∗K are closed. The JP = 1+
(cu¯) state with Jl =
3
2
is usually labeled as the D1, and that with Jl =
1
2
as D′1. The theoretical
calculations of the semileptonic decays rates of B to the |1
2
〉 state give a much smaller value than
that to the |3
2
〉 state which is not supported by the present data. This is the famous ‘1
2
vs. 3
2
puzzle’,
which is more clearly showed in Tab. I. The theoretical predictions for B(B→D′1lν¯l) are generally
one order less than B(B→D1lν¯l). The significant discrepancies in the theories and experiments have
been discussed in many works [1–5] and may hint that there may exist some special schemes in this
kind of decays.
The detailed numerical calculations in this work are studied within the framework of the instanta-
neous Bethe-Salpeter methods [6, 7], which have been widely used and obtained good performance in
exploring the properties of heavy mesons [8–18]. This paper is organized as follow: in Section II, we
give our proposal on the ‘1
2
vs. 3
2
puzzle’; Section III is a brief summary, and the detailed calculations
are all put in the appendix A.
II. Proposal to the ‘1
2
vs. 3
2
’ puzzle
First we re-examine the previous calculations and experimental measurements. The D1 or D
′
1
is regarded as a whole particle participating in both the semileptonic weak decays and the strong
decays to the D∗pi which are then detected by the detectors. For the later one, namely the strong
decays to D∗pi, there is no problem, the theoretical predictions and the experimental data show a
satisfactory consistence. However, for the former one, namely the semileptonic weak decays of B,
we could not ensure that if the B weakly decays to the D1 and D
′
1 directly or it first decays to some
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Tab. I: Branching fraction (×10−3) of semileptonic decays B(s)→D(′)(s)1lν¯l (l = e or µ). The results
labeled ‘BS’ are calculated according to the traditional method by using the BS wave functions;
‘This’ are calculated within the new scheme proposed here. The theoretical uncertainties in our
results are calculated by varying the mixing angle (θ ± 5)◦. Since the PDG data only gives the
fraction of the cascade decay B → D(′)1 (D(′)1 → D¯∗0pi−)lν¯, we assumed B(D(′)1 →D∗0pi−) = 23 ; andB (Bs→Ds1lν¯) is determined by
(
2.94 · 1+0.85
0.85
) × 10−3. The last line denotes the summation of the
branching fractions B(B−→D1lν¯l) and B(B−→D′1lν¯l).
Decay This BS [1] [19] [20] [21] [22] PDG [23]
B−→D1lν¯l 5.00−0.40+0.38 7.82−0.28+0.16 3.0-5.0 7.04 6.3 3.85 - 4.54± 0.3
B−→D′1lν¯l 3.42+0.40−0.38 0.64+0.27−0.16 0.0-0.7 0.45 0.9 1.98 - 4.05± 0.9
Bs→Ds1lν¯l 6.03−0.46+0.43 8.44−0.32+0.20 - - 10.6 4.77 8.4± 0.9 5.66± 1.52
Bs→D′s1lν¯l 4.21+0.46−0.43 1.36+0.28−0.25 - - 1.8 1.74-5.7 1.9± 0.2 -
B−→D(′)1 lν¯l 8.42 8.46 3.0-5.7 7.49 7.2 5.83 - 8.54
other states which are the mixtures of D1 and D
′
1, and the D1 and D
′
1 are just the final states we
detected. Let’s examine the difference between the two ways described here more detailed.
Suppose the real physical states involved in the weakly decays of B are Dα and Dβ, which are
related to the strong decay participants D1 and D
′
1 by(
Dα
Dβ
)
=
[
cos θ sin θ
− sin θ cos θ
](
D1
D′1
)
, or
(
D1
D′1
)
=
[
cos θ − sin θ
sin θ cos θ
](
Dα
Dβ
)
. (1)
Then the decay widths of B→Dα(β)lν¯l are respectively expressed as
Γ(Dα) = |A(B → Dαlν¯l)|2, Γ(Dβ) = |A(B → Dβlν¯l)|2, (2)
where A denotes the corresponding decay amplitude; and the universal phase space integral is
omitted for simplicity. However, what we really detected in experiments are D1 and D
′
1, or in fact,
their strong decay products. Considering the assumption, Dα(β) are the weak but not strong decay
participants, then combining Eq. (1) and Eq. (2), we get the decay widths of D1 and D
′
1 as
Γ(D1) = c
2Γ(Dα) + s
2Γ(Dβ),
Γ(D′1) = s
2Γ(Dα) + c
2Γ(Dβ).
(3)
where c and s denote the cos θ and sin θ respectively.
On the other hand, in the traditional theoretical calculations, namely, states D1 and D
′
1 are taken
as the direct participants of the weak decays, the corresponding results are
Γ(D1) = |A(D1)|2 = |cA(Dα)− sA(Dβ)|2 = c2Γ(Dα) + s2Γ(Dβ)− 2sc Re [A(Dα)A∗(Dβ)] ,
Γ(D′1) = |A(D′1)|2 = |sA(Dα) + cA(Dβ)|2 = s2Γ(Dα) + c2Γ(Dβ) + 2sc Re [A(Dα)A∗(Dβ)] .
(4)
Accordingly, by using the BS wave functions and the Mandelstam formalism (see appendix A for
details), the calculated numerical results are listed in Tab. I and labeled as ‘BS’. It is obvious that,
in the traditional calculations, the semileptonic B decays have a substantially smaller rate to the
JPll =
1
2
+
doublet than to the JPll =
3
2
+
doublet, contrary to the experimental data.
Comparing the traditional theoretical results Eq. (4) with Eq. (3), we can find that the difference
comes from the interference parts, which may be responsible for the ‘1
2
vs. 3
2
puzzle’. And we could
also conclude that, unless the mixing angle θ = 0, this kind of discrepancies would generally exist in
all weakly decay modes involved the mesons with the unnatural parity JP = 1+, 2−, · · · . However,
2
since there are not sufficient experimental data, we could only check this thoughts in the JP = 1+
D
(′)
1 and D
(′)
s1 . The further experimental information on the Bc to B
(′)
(s)1 could confirm or negate our
assumption proposed here. Also notice that the sum of the two results in Eq. (4) and Eq. (3) are
equal, namely, we always have
Γ(D1) + Γ(D
′
1) = Γ(Dα) + Γ(Dβ), (5)
which can then be used as an first check on our ansatz. The summation results are listed in the
last line of Tab. I, which show a satisfactory consistent between the theoretical predictions and the
experimental data.
To finally fix the ‘1
2
vs. 3
2
puzzle’, we need to calculate the mixing angle. Of course, the mixing
angle θ can be regarded as a free parameter and then fixed by the experimental data, however, we
would not do it like this. A natural ansatz of |Dα〉 and |Dβ〉 are the states described by the wave
functions with JPC = 1++ and 1+− respectively, which correspond to the |3P1〉 and |1P1〉 respectively
in the non-relativistic limit. Namely, we assume the wave functions of |Dα〉 and |Dβ〉 (represented
by the Salpeter wave functions A.6 and A.7 respectively in this work) should have the definite but
opposite behaviors under the charge conjugation transformation. Based on this ansatz, the obtained
branching fractions are B(Dα) = 6.59×10−3 and B(Dβ) = 1.83×10−3, where the detailed calculations
based on the BS methods and a specific quark model can be found in appendix A. Here we use the
mixing angle predicted in the non-relativistic and heavy quark limit, namely, θ = −125.23◦ for the
JP = 1+ heavy-light systems. Then it is easy to obtain the branching fractions of B− → D1(D′1)lν¯l,
which are also listed in Tab. I and labeled as ‘This’. From the Tab. I, we can see that the new
scheme could resolve the ‘1
2
vs. 3
2
puzzle’, and the calculations agree with the data pretty well. The
theoretical errors are calculated by varying θ by ±5◦ to see the dependence on the mixing angle.
The scheme used here is, B could only directly weakly decay to the JP = 1+ (cq¯) systems
represented by the wave functions with the definite behaviors under charge conjugation, namely
JPC = 1+− or 1++, but not mixtures of the two, and then the produced states are detected as
D1 or D
′
1. If this ansatz is correct, this phenomena should also appear in the weak decays, Bc→
D1(B1, Bs1)lνl, Bs→D(′)s1 lνl etc, or to the unnatural parity JP = 2− mesons, which means we need
to reconsider all the weak decays involved the unnatural parity mesons.
III. Summary and outlook
To sum up, we reconsider the branching fractions of the B to the JP = 1+ doublet D1 and D
′
1. To
resolve the ‘1
2
vs. 3
2
puzzle’, we propose that the JP = 1+ doublets D1 and D
′
1 are not the real states
(labeled as Dα and Dβ) directly involved in the weak decays, but the mixtures of the latter. Based
on this proposal, further we assume that, Dα and Dβ may be the states represented by the wave
functions with JPC = 1+− and 1++ respectively, and now the theoretical predictions could agree
with the experimental data pretty well. The two ansatz hint that there may exist some more deeper
physical constraints in the weak decays, which restrict the wave functions of the 1+ (cq¯) systems
weakly produced in B mesons must have certain forms.
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A. Semileptonic decays of B(s) within the BS methods
A.1. Bethe-Salpeter equation in the instantaneous approximation
The decay branching fractions are calculated by using the BS wave functions. The Bethe-Salpeter
equation (BSE) reads in momentum space,
Γ(P, q) =
∫
d4k
(2pi)4
iK(s)[S(k1)Γ(P, k)S(−k2)], (A.1)
where Γ(P, q) is the BS vertex; P , the total momentum of the meson; S(k1) and S(k2) are the Dirac
propagators of the quark and anti-quark respectively; iK(s), the interaction kernel with s = (k− q)
denoting the exchanged momentum; the internal momenta q and k are defined as,
q = α2p1 − α1p2, k = α2k1 − α1k2,
with αi =
mi
m1+m2
, and m1(2) denoting the constitute quark (anti-quark) mass; p1(k1) and p2(k2)
denote the momenta of the quark and anti-quark respectively. The BS wave function is defined as
ψ(P, q) ≡ S(p1)Γ(P, k)S(−p2).
Under the instantaneous approximation, the interaction kernel does not depend on the time
component of s. Then the QCD-inspired interaction kernel used in the Coulomb gauge behaves
as [24–27],
iK(s ) ' i
[
−4
3
4piαs(~s )
~s 2 + a21
+ (2pi)3δ3(~s ) (λ/a2 + V0)− 8piλ
(~s 2 + a22)
2
]
γα ⊗ γα, (A.2)
where 4
3
is the color factor; a1(2) is introduced to avoid the divergence in small momentum transfer
zone; the kernel describing the confinement effects is introduced phenomenologically, which is char-
acterized by the the string constant λ and the factor a2. The potential used here originates from the
famous Cornell potential [28, 29], namely, the one-gluon exchange Coulomb-type potential at short
distance and a linear growth confinement one at long distance. In order to incorporate the color
screening effects [30, 31] in the linear confinement potential, the potential is modified and taken as
the form above. V0 is a free constant fixed by fitting the data. The strong coupling constant αs has
the following form,
αs(~s ) =
12pi
(33− 2Nf )
1
ln
(
a+ ~s 2/Λ2QCD
) ,
where ΛQCD is the scale of the strong interaction, Nf , the active flavor number, and a = e is a
regulator constant. In this work, we only consider the time component of the kernel, for the spatial
components of the kernel are always suppressed by a factor v
c
in the heavy-light meson systems.
Within the instantaneous kernel, one can further define the Salpeter wave function ϕ(P, q⊥) ≡
i
∫
dqP
2pi
ψ(P, q), where qP =
P ·q
M
, q⊥ = q−qP PM and M is the bound meson mass. Then the BSE above
can be reduced as the following three-dimensional (Bethe-)Salpeter equation,
Mϕ(P, q⊥) = (ω1 + ω2)Hˆ(p1⊥)ϕ(q⊥) +
1
2
[
Hˆ(p1⊥)W (q⊥)−W (q⊥)Hˆ(p2⊥)
]
, (A.3)
where ωi ≡
√
m2i − p2i⊥, and m1(2) is the constituent mass of the quark (anti-quark); Hˆ(pi⊥) ≡
1
ωi
H(pi⊥) and H(pi⊥) = (pαi⊥γα+mi)γ
0 are the usual Dirac Hamilton; W (p⊥) ≡ γ0Γ(P, q⊥)γ0 denotes
the potential energy part; the three-dimensional BS vertex behaves as
Γ(P, q⊥) ≡
∫
d3k⊥
(2pi)3
K(s⊥)ϕ(P, k⊥).
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The Salpeter wave function fulfills the following constraint condition,
Hˆ(p1⊥)ϕ(q⊥) + ϕ(q⊥)Hˆ(p2⊥) = 0. (A.4)
The normalization condition of the Salpeter wave function is expressed as∫
d3~q
(2pi)3
Tr [ϕ†(P, q⊥)Hˆ(p1⊥)ϕ(P, q⊥)] = 2M. (A.5)
The numerical values of the model parameters used in this work are just the same with that
in the previous calculations [11–18, 32–34] and determined by fitting to the corresponding mesons,
namely,
a = e = 2.7183, λ = 0.21 GeV2, ΛQCD = 0.27 GeV, a1 = a2 = 0.06 GeV;
mu = 0.305 GeV, md = 0.311 GeV, ms = 0.5 GeV, mc = 1.62 GeV, mb = 4.96 GeV.
A.2. The involved Salpeter wave functions
According to the properties under space parity and charge conjugation transformation, the
Salpeter wave functions with JPC = 1+− and 1++ can be constructed as,
ϕ(1+−) =
q⊥ ·ξ
|~q |
(
f1 + f2
/P
M
+ f3
/q⊥
|~q | + f4
/P/q⊥
M |~q |
)
γ5, (A.6)
ϕ(1++) = i
µPq⊥ξ
M |~q | γ
µ
(
g1 + g2
/P
M
+ g3
/q⊥
|~q | + g4
/P/q⊥
M |~q |
)
, (A.7)
where fi and gi (i = 1, · · · , 4) are the radial wave functions; µPq⊥ξ = µναβP νqα⊥ξβ and µναβ is
the antisymmetric Levi-Civita tensor; ξ is the polarization vector fulfilling P · ξ = 0, ∑ ξ(r)µ ξ(r)ν =
PµPν
M2
− gµν . The constraint condition Eq. (A.4) reduces the independent variables to two for each of
the Salpeter wave functions above, namely, f3 = −A−f1, f4 = −A+f2, g3 = A−g1, g4 = A+g2, where
A± ≡ |~q |(ω1 ± ω2)/(m1ω2 +m2ω1). Notice both ϕ(1++) and ϕ(1+−) contain the S and D-wave
components besides the dominated P -wave.
On the other hand, for the JP = 1+ heavy-light systems, the total angular momentum Jl of the
light quark is conserved in heavy quark limit. Jl can take the values
3
2
and 1
2
, which corresponds to
the D1(2420) and the D1(2430) respectively. In the non-relativistic and heavy quark limit, |32〉 and|1
2
〉 are related to states |3P1〉 (1++) and |1P1〉 (1+−) by(
|3
2
〉
|1
2
〉
)
=
[
− 1√
3
+
√
2√
3
−
√
2√
3
− 1√
3
](
|3P1〉
|1P1〉
)
, (A.8)
which corresponds to a counter-clock rotation with rotation angle θ = −125.3◦. Then the wave
functions of D1(2420) and D1(2430) can be simply decomposed as,
ϕD1(2420) = cos θϕ(1
++)− sin θϕ(1+−), (A.9)
ϕD1(2430) = sin θϕ(1
++) + cos θϕ(1+−). (A.10)
The initial state B meson is in JP = 0−, and the corresponding Salpeter wave function behaves
as [27],
ϕ(0+) =
(
h1 + h2
/P
M
+ h3
/q⊥
|~q | + h4
/P/q⊥
M |~q |
)
γ5, (A.11)
where the two constrain conditions are h3 = −A−h1 and h4 = −A+h2. Solving Eq. (A.3), the
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numerical results of the involved wave functions can be obtained.
A.3. Semileptonic decay widths of B → D1lν¯l
B(s), P
p1
m1
b c
D(s)1, PF
p2
m2
p′2
m′2
p′1
m′1
ν¯l
l
u¯(s¯) u¯(s¯)
Fig. A.1: Semileptonic decays of B(s) → D(s)1lν¯l. P denotes the momentum of B(s), PF the
momentum of D(s)1, p
(′)
1 the quark momentum, and p
(′)
2 the anti-quark momentum; m1(2) is the
constitute mass of the quark (anti-quark).
The Feynman diagram for semileptonic decays of B(s) → D(s)1lν¯l is shown in Fig. A.1. The
invariant amplitude of this process are expressed as
A = GF√
2
Vcbu¯(pl)Γ
νv(pν) 〈D1| c¯Γνb |B〉 , (A.12)
where Γν = γν(1−γ5); (c¯Γνb) is the relevant weak current, and b(c) denotes the b(c)-quark field; the
hadronic transition amplitude can be generally parameterized by the form factors as,
〈D1| c¯Γνb |B〉 = ξµ
(
s1P
µP ν + s2P
µP νF + s3g
µν + is4
νµPPF
)
, (A.13)
where the form factors si (i = 1, · · · , 4) is explicitly dependent on the momentum transfer (P −PF )2;
νµPPF = νµαβPαPFβ. On the other hand, the transition matrix element can be expressed by the
Salpeter wave function as [16, 18, 33]
〈D1| c¯Γνb |B〉 = −i
∫
d4q
(2pi)4
Tr
[
Γ¯(PF , qF )S(p
′
1)ΓνS(p1)Γ(P, q)S(−p2)
]
,
which can then be expressed by the corresponding Salpeter wave functions after performing the
contour integral over qP ; the internal momentum qF in the final state is related to q by qF =
(q+α′2PF −α2P ) with α′2 = m
′
2
m′1+m
′
2
. The form factors si can be obtained by finishing the integration
above. The decay width then can be obtained by performing the integration over the phase space,
ΓB→D1lν¯l =
1
2M
∫
d3 ~PF
(2pi)32E~PF
d3~pl
(2pi)32E~pl
d3~pν
(2pi)32E~pν
|A|2. (A.14)
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